CONSTRAINTS ON AUTOMORPHISM GROUPS OF HIGHER 
DIMENSIONAL MANIFOLDS 
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Abstract. In this note, we prove, for instance, that the automorphism group 
of a rational manifold X which is obtained from P'^(C) by a finite sequence 
of blow-ups along smooth centers of dimension at most r with k > 2r + 2 has 
finite image in GL{H*{X, Z)). In particular, every holomorphic automorphism 
f : X X has zero topological entropy. 



1. Introduction 

1.1. Automorphisms and entropy. Let X be a compact complex manifold of 
dimension k. By definition, diffeomorphisms of X which are holomorphic are called 
automorphisms. According to Bochner and Montgomery |BoMo46] . the group 
Aut(X) of all automorphisms of X is a complex Lie group, the Lie algebra of 
which is the algebra of holomorphic vector fields on X. 

Let / : X — ;> X be an automorphism of a compact Kahler manifold X; denote by 
/* the action of / on the cohomology of X. Gromov and Yomdin proved that the 
topological entropy of / : X — > X is equal to the logarithm of the spectral radius of 
/*; hence, / has positive topological entropy if, and only if, /* has an eigenvalue 
of modulus larger than 1. 

If a compact complex surface S admits an automorphism with positive entropy, 
then S is Kahler and is obtained from the projective plane P'^(C), a torus, a K3 sur- 
face or an Enriques surface, by a finite sequence of blow-ups (see |Can011 ICan99] 
and [Nag61| ). Examples of automorphisms with positive entropy are easily con- 
structed on tori, K3 surfaces, or Enriques surfaces (see [Canllj ). Examples of au- 
tomorphisms with positive entropy on rational surfaces are given in |BK06[ IBKlOj 
IMcM07| ; these examples are obtained from birational transformations / of the plane 
by a finite sequence of blow-ups that resolves all indeterminacies of / and its iterates 
simultaneously. Our main result addresses the following question: does there exist 
an example of a birational transformation / of the projective space P'^(C), fc > 3, 
which becomes an automorphism with positive entropy after a finite sequence of 
blow-ups ? We shall provide new criteria to prove that Aut{X) has finite image in 
GL{H* {X, Z)), and answer this question negatively in several cases. 

1.2. Constraints on Aut(X). Let X be a compact Kahler manifold. The group 
Aut{X) acts on the cohomology of X: this provides a morphism 

Aut(X) ^ GL(i?*(XZ)). 
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Moreover, by Lieberman's Theorem, the connected component of the identity 

Aut(X)° C Aut(X) 

has finite index in the kernel of this morphism ( jLie78| ). Thus, Aut{X) has a finite 
number of connected components if and only if the image Aut{X)* of Aut{X) in 
GL{H*{X,Z)) is finite; if this is the case, the topological entropy of all automor- 
phisms of X vanishes. 

The group Aut{X)* preserves the Hodge structure of the cohomology. In partic- 
ular, it preserves the subspaces HP'P{X, R), for all p e {0, . . . , dimc(^)}- In what 
follows, we denote by hP-P{X) the dimension of these real vector spaces. The Picard 
number is the rank of the free abelian group l{H^{X, Z)) fl H^'^{X,'R), where i is 
the natural morphism l: H'^{X, Z) H'^{X, Z) (g)z R. 

Theorem 1.1. Let Xq be a smooth, connected, complex projective variety with 
Picard number 1 (resp. compact Kdhler manifold with h^'^{XQ) = 1). 

Let m be a positive integer, and tt^ : X^+i — > Xi, j = 0, . . . , m — 1, be a sequence 
of blow-ups of smooth irreducible subvarieties of dimension at most r. 

If k > 2r + 2 then the number of connected components of Aut(Xm) is finite. 

For instance, if X is obtained from P'^(C), with fc > 3, by blowing up a finite 
sequence of points then the topological entropy of all automorphisms of X is equal 
to zero. This was observed in [Trul2) when fc = 3. The same statement applies if 
is a smooth cubic hypersurface of P*^"'""'^(C) and fc > 3. Thus, among all birational 
transformations of Xq, none of them lifts to an automorphism with positive entropy 
after a finite sequence of blow-ups of points (or of centers of dimension < (fc — 2)/2). 

The proof is based on strong versions of the Hodge index theorem and a study 
of the cup product on the cohomology groups of X. Another strategy is explained 
in the Appendix. In general, it leads to less powerful statements, but it applies to 
projective varieties defined over fields of positive characteristic, and may be quite 
efficient in specific examples. 

1.3. Numerical dimension and invariant classes. A cohomology class a € 
H^'^(X,M.) is called numerically effective (nef for short) if a lies in the closure of 
the set of Kahler classes (i.e. classes of Kahler forms). Following |Kaw85] we define 
the numerical dimension of a nef class by 

v{a) := max{p e N : aP -.^ a A ■■■ A a ^ in HP-p{X, R)}. 

The numerical dimension of nef classes a that are eigenvectors for /* play an 
important role in our proofs. The following result will serve as a warm-up for the 
proof of Theorem 11.11 

Theorem 1.2. Let X be a compact Kdhler manifold and f be an automorphism 
of X . If there exists a nef class a G H^'^{X,M.) such that i'{a) > dimX — 1 and 
f*a^a then the topological entropy of f is equal to zero . 

Theorem 11.21 can be considered as an extension of Liberman's result |Lie78| : if 
X is a compact Kahler manifold and f G Aut(A') preserves a Kahler class then an 
iterate of f belongs to Aut{X)'^; in particular, the topological entropy of f is zero. 
(see also |Zha09j for the case of big and nef classes) 
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2. PRELIMINARIES 

2.1. Cohomology groups (see |GH94( IVois02j ). Let X be a compact Kahler 
manifold. Denote the de Rham (respectively Dolbeault) cohomology groups by 
H^P{X,R) (respectively HP''J{X,C)) and define 

HP'P{X, R) HP'P{X, C) n H^p{X, R). 

These vector spaces are finite dimensional. 

In the sequel, we implicitly use the fact that the cohomology classes can be 
defined in terms of smooth forms. The set of Kahler classes forms an open convex 
cone, called the Kahler cone; its closure, the set of nef classes H^^'^j:{X,K.), is a 
closed convex cone which is strict, that is iJ„;'^(X,M) n -iJ„;'^.(X, M) = {0}. 

2.2. The Picard group. We let Pic(X) denote the Picard group of X. An element 
of Pic(X) is an isomorphism class of line bundles; the group operation is given by 
the tensor product. We denote the Chern map by 

ci : Pic(X) ^ H2(X,Z). 

By a slight abuse of notation, ci (L) is also considered as an element of {X, R) 
(replacing H'^{X, Z) by H'^{X, Z) (g) R). The Neron-Severi group of X is the image 
of the Chern map : 

NS(X) =ci(Pic(X)) cH2(X,R). 

It follows from Lefschetz theorem on (1,1) classes that 

NS(X) = H2(X, Z) n Hi^i(X, R). 

We also let NSr(X) be the real vector space NS r(X) = NS(X) R c H2(X, R). 

Assume that X is projective. It follows from |Dem92] that the Chern class of a 
line bundle L is nef if and only if L satisfies 

L C ^ I ci(L) > 
Jc 

for every curve C <Z X. Thus, ci(L) is nef if and only L is numerically effective 
(nef) in the usual, algebro-geometric, sense. 

A line bundle L is hig if k{L) — dimX where k,{L) denotes the Kodaira-Iitaka 
dimension of L. It is well-known that a nef line bundle L is big if and only if 
J^ciiL)'' > 0. (see |Lazn4] l 
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2.3. Dynamical degrees and topological entropy of automorphisms. Let 

X be a compact Kahler manifold of dimension k. Every automorphism / S Aut{X) 
induces a linear action 

/;,,:J?f'«(X,R)^ffP'«(X,R) 

where {6} denotes the class of the smooth (p, g)-form 6 in HP''^{X,IV). 

For / e Aut(X) the i*'^ dynamical degree \i{f ) of / is, by definition, the spectral 
radius of f*^■, in other words, Xi{f) is the largest modulus of an eigenvalue of /* on 
W''{X, C).' 

According to Gromov, the topological entropy of an automorphism / is bounded 
from above by the logarithm of the spectral radius of /* on (BpHP'P{X, R). Yomdin 
proved that the topological entropy of a diffeomorphism g of class C°° of a compact 
manifold M is larger than, or equal to, the logarithm of the spectral radius of g* 
on iJ*(M, R). Altogether, this gives the following result. 

Theorem 2.1 (Gromov and Yomdin). Let f be an automorphism of a compact 
Kahler manifold X. Then, the topological entropy of f is given by 

htopif) = max logAi(/). 

0<i<k 

In particular, the largest eigenvalue of /* on H*{X, R) is obtained on (BpHP'P{X, R). 
For the reader's convenience, let us explain this fact directly, without any reference 
to Gromov- Yomdin theorem (the following arguments are well known). For this, 
fix a Kahler form w on X and a norm || • || on H*{X, C). 

The first remark asserts that the growth of the sequence || [f^Yuj"^ \\ is com- 
parable to the growth of || {fli)" ||: there exists a positive constant c > 1 such 
that 

II C/m)" II<II (DV ||<c|| (/*,)" II 

This follows from two facts: (a) every positive form of type (i, i) is bounded from 
above by a scalar multiple of w*, and (b) the set of classes of positive forms of 
type {i, i) contains an open subset of W''^{X, R). Moreover, the norm of (/*)"a;' is 
comparable to Xy((/*)"w') A w*^"*. Thus, we get 

Ai(/) = limsup f/ (/*,)"w'Aa;'=-' 

The second remark asserts that the growth of (/*)" on (BpHP'P{X,C) controls 
the growth of (/*)" on all cohomology groups. The basic idea is that the action of 
/* on H^'\X, C) is related to the action on HP'P{X, R) with p = k + l because the 
cup-product (a, /J) i— >■ aAj3 is equivariant. To prove this, one considers the diagonal 
action of / on X x X, given by F{x, x') = {f{x), f{x')). If tt and tt' denote the two 
natural projections of X x X on X, and if denotes the form n*ix] + (7r')*w, then 
(i^*)"r2* grows at most like || (Bj<i{flj)"' \\ for all i. Then, given a form a of type 
(fc, /), the wedge product 

P = (7r*a) A ((7r')*a) 

determines a class {/?} in Hp p(X x X, C) with p = k + I; this class is not zero 
(this is why we used the product X x X). Moreover, the growth of || (/^;)"q; || is 
controled by the one of || (F*)"{/3} ||, hence by || (F;,^)" || and by || ®q<p{flg)" ||. 
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Lemma 2.2 (see |Gue05| ). Let f : X ^ X be an automorphism of a compact 
Kdhler manifold. Let uj he a Kdhler form on X . Then 

(i) \i(f), the spectral radius of f* : R) — R), is equal to 

limsup f/ {fl^TLO^ Mo""'^ 

(ii) Mf)^XkMf-') forte {0,1,.-., k}. 

(iii) \i{fy>W)forl<i<k~l. 

Sketch of the proof. We already explained where does assertion (i) come from. The 
second assertion is a consequence of Poincare duality. The third one follows from 
the previous discussion. □ 

Proposition 2.3. Let f be an automorphism of a compact Kdhler manifold. If the 
sequence \\ {f*i)"' \\ is bounded, then f* is aperiodic transformation of H*{X,'L). 

We give two proofs that are essentially equivalent. 

First proof. If the sequence || (/ii)" || is bounded, then all sequences || {f*i)" \\ 
are bounded; thus, all sequences || [fli)'^ \\ are bounded. This implies that 
/* : H* (X, R) — i> IL* {X, R) is contained in a compact group of linear transfor- 
mations. On the other hand, /* preserves the lattice Z) and, as such, is 
contained in a discrete group. Consequently, /* has finite order. □ 

Second proof. If || (fl j^)" || is bounded, then /j* ^ is contained in a compact subgroup 
of GL(ifi'i(X,R)). Let G be the closure of {(/i*i)" | n G Z} in GL(iJi'i(X, R)), 
let dX be a Haar measure on this compact abelian group, and let w be a Kahler 
form. The average ^Qg*{uj}dX{g) is a Kahler class, and is G-invariant. Thus, / 
preserves a Kahler class. The result follows from Lieberman's theorem. □ 

2.4. Hodge index theorem and log-concavity. Define Ji(/) = (/*cj*)Aw''^'. 

Teissier- Hovanskii mixed inequalities (see |Gue051 [Di-Ng06| ) imply that 

(2.1) Vi(/")'5p+i(r)<5p(/")'- 

Thus, taking limits, one obtains the following lemma. 

Lemma 2.4 (see |Gue05| for instance). If f : X ^ X is an automorphism of a 
compact Kdhler manifold X , the sequence 

i ^ logAj(/) 

is concave on {0, 1, . . . , fc}. 

Similarly, the Hodge index theorem and Teissier-Hovanskii inequalities lead to 
the following useful statement. 

Proposition 2.5 (see |DS04a| ). Let 

a, a', ai, . . . , ttr G i?'^'"'^(X, R) be nef classes 

where r < fc — 2. 

(1) If a A a' — then a and a' are colinear. 

(2) If a A a' A ai ■ ■ ■ A ar — in iJ'"+^'^+^(X, R) then there exists real numbers 
(a, b) ^ (0, 0) such that 

{aa + ha') A ai • • • A = 0. 

If a' A ai ■ ■ ■ A Ur ^ 0, then the pair (a, h) is unique up to a multiplicative 
constant. 
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2.5. Numerical dimension and entropy. We can now prove Theorem 11.21 and 
deduce a few corollaries. 

Proof of Theorem ] 1 . 2[ Let k be the dimension of X. Let / be an automorphism 
of X. Assume Ai(/) > 1. Since /* preserves the nef cone there exists a class 
/3 e K-,j{X,R) such that /*/? = Ai(/)/?. Since / is an automorphism it preserves 
the cup product; hence 

r(«'=-iA/3) = Ai(/)a^-iA/3 

because a is /*-invariant. The topological degree Xk{f) is equal to 1 and Ai(/) > 1, 
thus 

a^^-i A/3 = 0. 

Now, v{a) > k - 1 implies that a''-'^ ^ in H''-'^^''-'^{X,R). Therefore, by 
Proposition 12.51 there exists a pair of real numbers {a,b) ^ (0,0), unique up to 
scalar multiples, such that 

(a/3 + ba) A q''"^ = 0. 

PuUing-back this equation by /, we obtain (aAi(/)/3 + 6a) Aa'^^^ = 0. Since Ai(/) > 
1, we see that b — 0. Thus, p/\a^~^'^ = 0. We can therefore repeat the same argument 
and obtain 

^ Aa = 0. 

Then Proposition 12.51 implies that P — ca for some c S R+, in contradiction with 
Ai(/) > 1. □ 

The following result is an immediate corollary of Theorem 11.21 and [Kaw85[ 
Proposition 2.2]: 

Corollary 2.6. Let X be a projective manifold and f G Aut(X). // there exists a 
nef Tl- divisor L such that k{L) > fc — 1 and f*L ^ L then htopif) = 0. 

In particular, if /* preserves the class of a nef and big divisor, then htopif) = 0. 
For instance, the topological entropy of all automorphisms of weak Fano manifolds 
vanishes, because the canonical divisor Kx is invariant by all automorphisms, and 
—Kx is nef and big for weak Fano manifolds (see [Zha09| for this result). 

3. Proof of Theorem 1.1 

We now prove Theorem 11.11 We focus on the case of projective variety with 
Picard number 1; the case of compact Kahler manifold with h^'^{X) = 1 is similar. 

3.1. Eigenvalues and entropy. We start with a weaker result. 

Proposition 3.1. Let m be a positive integer. Let Xq be a smooth, connected, 
complex projective variety with Picard number 1. Let Hi : X^+i — )> Xi, i = 0, . . . , ni— 
1, be a sequence of blow-ups of smooth irreducible subvarieties of dimension at most 
r. Lf k > 2r + 2, then the topological entropy of all automorphisms of Xm vanishes. 

The proof relies on the following estimate. 

Lemma 3.2. Let m be a positive integer. Let Xq be a smooth, connected, complex 
projective variety with Picard number 1. Let 7r.i+i : X^+i Xi, i = 0, . . . , m — 1, 
be a sequence of blow-ups of smooth irreducible subvarieties of dimension at most 
r, with k>2r + 2. If a e NSr(X,„) \ {0} is nef then 

i/(a) > fc — r — 1. 
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Proof of the lemma. It follows from paw85| that 

z/(a) = max{p : • A'^-p ^ 0} 

where A is any ample divisor. Therefore, it is enough to show that there exists a 
divisor D such that a'"''-'^ ■ D''+^ ^ 0. 

Since Xq has Picard number one, there is an ample divisor H whose class {-ff } 
generates NS(Xo). Let Hx^ be the total transform of H under the morphisni 

■K :— Til o ■ ■ ■ o 7r„i : X„i — > Xq. 

Denote by Ei the total transform of the exceptional divisor of tt^ under the map 
TTi+i o • • • o TTm- The classcs {£'1}, ■ • {Em} generate NS(X,„). Conse- 

quently, the nef class a can be written as a sum 

a = a{Hx^} + ^c,{Ei\. 

i 

where the coefficients a, ci, Ci are real numbers. 

By construction, Ti{Ei) C Xq has codimension at least 2; thus {H}^^^ does not 
intersect ■K{{Ei}), and the projection formula (see |Ful98j ) implies 

Since a is nef and nonzero we conclude that a > because 

Since the dimension of the center Yi of tTj+i is at most r, a generic subvariety of 
Xq of codimension r + 1 does not intersect 7r(£'i+i) (for all i > 0). This, in turn, 
implies {Ei}^'"-^ ■ {Hx^Y+^ = 0; hence, 

This concludes the proof. □ 
Proof of the Proposition. We proceed in two steps. 

Step 1.- First, we show that 

Mff-''-' =\k-r-l{f). 

We already know that \k~r-i{f) is bounded from above by X\ '^^^{f). Since /* 
is an automorphism, it preserves the nef cone. This cone is convex and strict, and 
its intersection with NSR(Xin) contains at least one Kahler class {k}, because Xm 
is projective. Thus there exists a nef class a G NSr(X) \ {0} such that 

ra = Ai(/)a; 

for instance, a can be constructed as a limit of the sequence (II (/*)" ||^^ (/*)"k)„>o. 
Since /* preserves the intersection product, we obtain 

k—r—l\ \ / r\k—r — l k—r—1 

f [a ) = Ai(/) a 

and from Lemma [3.2[ we deduce that a^^"^^^ is not zero. Thus, \i{f)^^^'^ is 
one of the eigenvalues of /* on 7?'^~''^^''"'^''^^(X,„, R) and therefore Xk-r-i{f) > 
\^(f)i<:-r-i^ Altogether, this implies Afe_^_i(/) = Ai(/)'=-'-i. 

Step 2.- Similarly, since the eigenvector a satisfies 
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we obtain Xi{fy ~ Xj{f) for all 1 < j < fc — r — 1. Therefore, applying the same 
argument to and using Lemma 12.21 we conclude that 

= Xk-r-l{f-'y+' = Xr+l{fY+' = Ai(/)('-+l)' 

since fc > 2 + 2r this contradicts Ai(/) > 1. □ 

3.2. Connected components of Aut(X„j): Proof of Theorem 11.11 The proof 
of Theorem 11.11 follows from the previous proposition and elementary properties 
satisfied by Aut{Xm)* . 



Step 1.- Let / be an automorphism of X^- From Section [2731 if the spectral radius 
of /* on H^'^{Xm, R) is equal to 1, then all eigenvalues of /* on H*{Xm, C) have 
modulus 1. Moreover, /* preserves the lattice H^{Xm, Z). Thus, the characteristic 
polynomial of /* on H'^{Xjn, Z) is a polynomial of degree &2(-^m) (the second Betti 
number of Xm) with integer coefiicient, it is monic, and all its roots have modulus 1. 
Kronecker's lemma implies that the eigenvalues of / are roots of 1, and the degree 
d of these roots is uniformly bounded (by a function of b2{Xm))- 

Thus, changing / into /"° for some positive integer uq (which depends on X„i 
but not on /) we may, and do, assume that all eigenvalues of /* on H^{Xjn,C) are 
equal to 1. There is a basis of H^'^{Xm,'R-) such that /* is upper triangular, with 
all diagonal coefficients equal to 1; more precisely, fli can be written as a diagonal 
sequence of Jordan blocks. 

Step 2.- The growth of (/*)" on HP'P{Xm,'R.) is of polynomial type. We denote 
by mp{f) the degree of this polynomial growth: 

log II (/;.p)" II 

mp{f) = hm T—^ 

n-i>+cx3 log n 

In other words, mp{f) + 1 is the size of the largest Jordan block of f*p. 
Lemma 3.3. Under the previous assumption, one has 
(3.1) mp_i(/) + mp+i(/) < 2mp{f). 

Proof. Let w be a Kahler form on X„i, and define the Si{f) as in Section [2.41 
We know that 5p_i(/")5p+i(/") < Spif")^. On the other hand (5p(/") grows like 
II (/*_p)" II, i.e. like n^^^-^l The conclusion follows. □ 

Step 3.- Let us assume that the norm of the iterates of /j* ^ is not bounded or, 
equivalently, that rui (/) > 0. Let w be a Kahler form, the class of which is contained 
in NSR(Xni). Since the norm of (/*)"{aj} grows like n"^'-^^\ the sequence 

converges towards a non-zero nef class u. By Lemma [3.21 we have m*^^'"^^ 7^ 0. 
Since / preserves the intersection product, 

lim fn-™i('=-'^~i'(/*)"{w}''-'^-i) = u''-'-\ 

Thus, TOfc_r-i(/) > (fc — r — l)mi(/), because 7^ 0, and we conclude from 

inequality p.ip that 

mjif) ^ jmiif), yi<j<k-r-l. 
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The same argument applies to /^^. Using Poincare duality as in the proof of 
Proposition 13 . II we obtain fc < 2 + 2r, in contradiction with our hypothesis. Thus, 
TOi(/) = and II /* II is bounded. 

Step 4.- Step (3) shows that, for all elements /* of Aut{Xm)* , the sequence 
II (/ii)" II is bounded. From Proposition 12.31 , we deduce that /* has finite 
order for all / in Aut{Xm)- On the other hand, once a basis of the Z-module 
H*{X,n, Z) n H*{Xm,Ii) is fixed, Aut(X„i)* corresponds to a subgroup of GLh(Z), 
where b is the sum of the Bctti numbers of X^- Minkowski's theorem implies that 
a finite index subgroup of GLb(Z) is torsion free (one can take the kernel of the 
reduction modulo 3, hence a subgroup of index |GLh(Z/3Z)|). Thus, Aut{X,n)* is 
finite. 

This concludes the proof of Theorem ll.il Moreover, there is a faithful morphism 
from Aut{Xrn)* to GU(Z/3Z); hence, 

fc-i 

|Aut(x„)| < Hi^'-y) 

3=0 

where b is the sum of the Betti numbers of Xm- 

4. Appendix 

Let X be a smooth projective variety of dimension k over a field k. Denote by 
NS(X) the Neron-Severi group of X, i.e. the group of classes of divisors for the 
numerical equivalence relation. We consider the multi-linear forms Qd '- NS(X)'^ 
Z which are defined by 

Qd(wi,M2, . ■ . ,Ud) ^ ui ■ U2- ■ - Ud ■ K^'^. 

These forms are invariant under Aut{X)* and we shall derive new constraints on 
the size of A\it{X)* from this invariance. 

Theorem 4.1. Let X be a smooth projective variety of dimension fc > 3, defined 
over a field k. Let d be an integer that satisfies 3 < d < k. If the projective variety 

WdiX) {ugP(NS(X) ®zC)| Qd(u, u, . . . , u) = 0} 

is smooth, then Aut{X)* is finite. 

Proof. The group Aut{X)* acts by linear projective transformations on the projec- 
tive space P(NS(X)®zC) and preserves the smooth hypersurface Wd. Since d > 3 it 
follows from |MM64 that the group of linear projective transformations preserving 
a smooth hypersurface of degree d is finite. Hence, there is a finite index subgroup 
A of Aut{X)* which is contained in the center of GL(NS(X)); since the later is a 
finite group of homotheties, this finishes the proof. □ 

As a corollary, let us state the following one, already obtained in the previous 
sections when k = C. 

Corollary 4.2. Let X be a smooth projective variety of dimension fc > 3. Assume 
that there exists a birational morphism tt : X ^ V such that 

• the Picard number of V is equal to 1 

• 7T~^ is the blow-up of I distinct points ofV. 
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Then Aut(X)* is a finite group. 

Proof. We identify NS(V) with Zeo where eo is the class of an ample divisor. Let 
a := eg. Since X is obtained from V by blowing up I distinct points pi,. . .,pi we 
have 

NS(X) = Zeo + Zei 

l<i<l 

where Ci is the class of the exceptional divisor Ei := ■jT~^{pi). Then the form Qk is 
given by 

I 

Qk{u) = a{Xo)'' + (-1)'+' Y.iXi)'' 

i=l 

where u = XqCq + X^Ci and [Xq : . . . Xi] denotes the homogeneous coordinates 
on P(NS(X) Oz C). Hence, the projective variety defined by Qk in P(NS(X) (8)z C) 
is smooth and Aut(X)* is finite. □ 
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